Prime ideals in birational extensions of two-dimensional polynomial rings  by Saydam, A. Serpil & Wiegand, Sylvia
Journal of Pure and Applied Algebra 201 (2005) 142–153
www.elsevier.com/locate/jpaa
Prime ideals in birational extensions of
two-dimensional polynomial rings
A. Serpil Saydama, Sylvia Wiegandb,∗
aDepartment of Computer Science, Mathematics and Physics, The University of Louisiana at Monroe, Monroe,
LA 71209, USA
bDepartment of Mathematics, University of Nebraska in Lincoln, Lincoln, NE 68588-0130, USA
Received 4 August 2002
Available online 26 February 2005
Dedicated to Prof. Wolmer Vasconcelos on the occasion of his 65th birthday
Abstract
“For which commutative Noetherian rings A is Spec(A), the set of prime ideals of A, order-
isomorphic under inclusion to Spec(Z[x]), the prime ideals of the polynomial ring in one variable
over the integers?” We show that this is true for every ﬁnitely generated birational extension of the
polynomial ring in one variable over an order D in an algebraic number ﬁeld; that is, if B is an
intermediate ring between D[x] and its quotient ﬁeld and B is ﬁnitely generated over D[x], then
Spec(B)Spec(Z[x]).
© 2005 Elsevier B.V. All rights reserved.
MSC: 13A15; 13F20
1. Introduction
The question raised in the abstract was inspired by Roger Wiegand’s work on the two-
dimensional case of a ﬁfty-year-old problem of Irving Kaplansky: characterize those par-
tially ordered sets that can be the prime spectrum, or set of prime ideals, of a commutative
Noetherian ring under inclusion [8]. Kaplansky’s problem remains intractable, despite con-
siderable work, including that of Heitmann, Hochster, McAdam, Ratliff in [5–7,14,16–19].
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In 1978 and 1986, RogerWiegand found two types of commutative Noetherian domains
A that have the same prime spectrum as Z[x] [20,21]:
(1) forA a two-dimensional domain that is ﬁnitely generated as an algebra over an algebraic
extension of a ﬁnite ﬁeld, Spec(A)Spec(Z[x]), and
(2) forA=D[x], a polynomial ring in one variable over an orderD in an algebraic number
ﬁeld, Spec(A)Spec(Z[x]).
An order in an algebraic number ﬁeld is a domain that is a ﬁnitely generated Z-module
such that its quotient ﬁeld is an algebraic number ﬁeld.
MoreoverWiegand established in [21] that Spec(Z[x]) is characterized by the ﬁve axioms
of (2.2) below. The most interesting axiom of the characterization is the axiom we call the
(RW) axiom—the other axioms ((P1)–(P4)) for Spec(Z[x]) are trivial to check for prime
spectra of two-dimensional Noetherian domains. AsWiegand notes in [21], ifQ is the ﬁeld
of rational numbers and x and y are indeterminates over Q, then the prime spectrum of
Q[x, y] satisﬁes (P1)–(P4) but (RW) fails, and so the prime spectrum of Q[x, y] is not
order-isomorphic to that of Z[x].
In 1986, Wiegand raised the following conjecture, which is still open:
1.1. Conjecture (Wiegand [21]). Every two-dimensional domain A that is a ﬁnitely gen-
erated Z-algebra has prime spectrum order-isomorphic to that of Z[x].
A further step towards establishing the conjecture was made by Li and S. Wiegand who
showed in [12] that the prime spectrum of every ﬁnitely generated birational extension of
Z[x] is order-isomorphic to Spec(Z[x]). A birational extension of an integral domain A is
an intermediate ring B between the given domain and its fraction ﬁeld.
In this article we prove the following theorem, which gives more evidence for the con-
jecture:
1.2. Main Theorem. Let D be an order in an algebraic number ﬁeld and suppose B is
a ﬁnitely generated birational extension of D[x]. Then Spec(B) is order-isomorphic to
Spec(Z[x]).
To prove the theorem we use some techniques from [12,20,21]; results from those papers
are extended to the situation here. Some of the ingredients of the proof are Hilbert’s Irre-
ducibility Theorem 2.7 below, the ﬁniteness of the class group of an order in an algebraic
number ﬁeld, and an adaptation (Lemma 2.9) of the Artin–Rees Lemma to a birational
extension.
In Section 2 we introduce notation and describe relevant previous results. We prove the
theorem in Section 3.
2. Notation and background
In this section, we review basic terminology and some results of [12,21] related to prime
spectra of two-dimensional Noetherian domains. We also give a version of Hilbert’s Irre-
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ducibility Theorem that is useful for ﬁnding prime ideals in critical positions for the proof
of the main theorem.
2.1. Notation. Let U be a partially ordered set that satisﬁes the ascending and descending
chain conditions. For u ∈ U , the height of u, ht(u), is the length of the longest chain
to u from a minimal element in U ; the dimension of U , or dim(U ), is the supremum of
{ht(u) |u ∈ U}. Set u↑ := {y ∈ U | y >u}.
2.2. The CZP axioms. A partially ordered set U satisﬁes CZP (“countable integer
polynomial”) provided:
(P1) U is countable with a unique minimal element.
(P2) U has dimension two.
(P3) For each element u of height one, u↑ is inﬁnite.
(P4) For each pair u, v of distinct elements of height one, u↑ ∩ v↑ is ﬁnite.
(RW) For every pair (S, T ) of ﬁnite subsets with S consisting of height-one elements of U
and T consisting of height-two elements of U, there is a height-one element w in U
such that (i) w< t , ∀t ∈ T , and (ii) if s ∈ S and t ′ ∈ U is greater than both w and
s, then t ′ ∈ T .
Following [11,12], we ﬁnd it convenient to name such an element w as described in
Axiom (RW):
2.3. Deﬁnition. Suppose U is a two-dimensional partially ordered set, S is a ﬁnite set of
height-one elements of U, T is a ﬁnite set of height-two elements of U , and w is a height-
one element of U such that s↑ ∩ w↑ ⊆ T ⊆ w↑, for all s ∈ S. Then w is called a radical
element for (S, T ).
2.4. Remarks. (1) The CZP axioms characterize Spec(Z[x]) as a partially ordered set, that
is, every partially ordered set that satisﬁes the axioms is order-isomorphic to Spec(Z[x]).
(See [21].)
(2) In view of Deﬁnition 2.3, Axiom (RW) becomes, for U a two-dimensional partially
ordered set: if S is a ﬁnite set of height-one elements ofU , and T is a ﬁnite set of height-two
elements of U , then (S, T ) has a radical element in U .
(3) The reason for the term “radical element” in (2.3) for w is that, if U is the prime
spectrum of a two-dimensional Noetherian ringA, if T is a ﬁnite set of height-two elements
of U , if S is a ﬁnite set of height-one elements of U with the extra condition that for each
t ∈ T there exists an element s in S with t > s, and ifw is a radical element for (S, T ), then√
I + w =⋂t∈T t , where I :=⋂s∈S s, and√I + w is the prime radical in A.
(4) Let U be a two-dimensional partially ordered set. Suppose S is a ﬁnite set of height-
one elements of U , T is a ﬁnite set of height-two elements of U , and S1 is a ﬁnite set of
height-one elements of U such that S ⊆ S1. Then every radical element w for (S1, T ) is a
radical element for (S, T ). To see this, note that s↑1 ∩w↑ ⊆ T ⊆ w↑, for all s1 ∈ S1. Since
S ⊆ S1, s↑ ∩ w↑ ⊆ T ⊆ w↑, for all s ∈ S. Thus w is a radical element for (S, T ).
(5) Let U be a two-dimensional partially ordered set that satisﬁesAxiom (P3) of (2.2). If
every pair of ﬁnite sets S of height-one elements and T of height-two elements ofU have at
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least one radical element as deﬁned in (2.3), then each such pair (S, T ) has inﬁnitely many
radical elements. Moreover a radical element w for a pair (S, T ) is not in S. To see the last
statement, if w ∈ S, then the inﬁnite set w↑ = w↑ ∩ w↑ is contained in the ﬁnite set T , a
contradiction. To see the previous statement, let (S, T ) be a pair of ﬁnite sets with a radical
element w, then (S ∪ {w}, T ) has a radical element w′, distinct from w, and w′ is another
radical element for (S, T ) by part (4). By continuing in this way we ﬁnd inﬁnitely many
radical elements for (S, T ).
(6) Let B be a Noetherian birational extension of a two-dimensional Noetherian domain
A. Then the dimension of B is at most two by the dimension inequality [13, p. 119].
The following proposition, an expansion of [12, Proposition 3.1], is a straightforward
consequence of the fact that localization preserves the prime ideal structure for those primes
that avoid the new denominators. This is useful for comparing the prime spectrum of a
birational extension to that of the original ring.
2.5. Proposition. Suppose that F is an integral domain,  is a nonzero element of F, and G
is a birational extension such thatF ⊆ G ⊆ F [1/]. LetVG() := {P ∈ Spec(G) | ∈ P }
and VF () := {p ∈ Spec(F ) | ∈ p}. Let q ∈ Spec(F ) − VF () and P ∈ Spec(G) −
VG(); setQ := qF [1/] ∩G and p := P ∩ F . Then
(1) Q ∈ Spec(G)− VG() andQ ∩ F = q,
(2) QF [1/] = qF [1/],
(3) p ∈ Spec(F )− VF () and P = pF [1/] ∩G.
Thus, Spec(G)− VG() is order-isomorphic to Spec(F )− VF ().
Next we present some notation and a useful version of the Hilbert Irreducibility Theorem
from [10, Chapter VIII, p. 141].
2.6. Notation for the Hilbert Irreducibility Theorem. Let K be a ﬁeld and let X1, . . . ,
Xr, Y be indeterminates overK . Letf (X1, . . . ,Xr, Y ) be a polynomial inK[X1, . . . , Xr, Y]
such that f is irreducible in the ring K(X1, . . . , Xr)[Y ]. The basic Hilbert set of Kr
corresponding to f is the setWf := {r-tuples (a1, . . . , ar ) ∈ Kr such that the coefﬁcients
of f (a1, . . . , ar , Y ) inK[Y ] are deﬁned and f (a1, . . . , ar , Y ) is irreducible inK[Y ]}. The
intersection of a ﬁnite number of these basic Hilbert sets with a ﬁnite number of nonempty
Zariski open subsets ofKr is called aHilbert subset ofKr . The ﬁeldK is calledHilbertian
if, for every r , every Hilbert subset of Kr is nonempty.
2.7. The Hilbert Irreducibility Theorem (Lang [10, p. 141]).
(1) Every Hilbert subset ofQ contains inﬁnitely many prime integers.
(2) Let E be a ﬁnite separable extension of a ﬁeld k. Then every Hilbert subset of E contains
a Hilbert subset of k.
(3) Every Hilbert subset of a ﬁnite separable extension ofQ contains inﬁnitely many prime
integers.
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Proof. Item (3) is the only item not explicitly stated in [10], and it follows from (1)
and (2). 
2.8. Proposition (Kaplansky [9, p. 102, Example 3]). Let A be a domain, let y be an
indeterminate over A and let a, b be elements of A such that (a, b) is an A-sequence or a, b
generate the unit ideal in A. Then (a + by) is a prime ideal of A[y].
The following lemma is a consequence of the Artin–Rees Lemma [13, p. 59].
2.9. Lemma (Li and Wiegand [12, Lemma 3.4]). Let F be a Noetherian integral domain.
Suppose that is a nonzero element of F and 1, . . . , n ∈ F . LetG := F [1/, . . . , n/],
a birational extension of F, and let h be a nonzero element of G. Then there exists a positive
integer e so that, for every  ∈ F , for every  ∈ e+1G and for every k0,
(h+ ) 
k
∈ G ⇐⇒ h
k
∈ G ⇐⇒
(
h
k
∈ G and 
k
∈ G
)
.
We also use the Going-up Theorem:
2.10. Theorem (Going-up Theorem Atiyah and Macdonald [1, p. 62]). Let A ⊆ A′ be
rings, with A′ integral over A; let p ⊆ q be prime ideals of A and let P be a prime ideal
of A′ such that P ∩ A = p. Then there exists a prime ideal Q of A′ such that P ⊆ Q and
Q ∩ A= q.
3. Birational extensions of polynomial rings over orders
The following theorem from [12,21] shows that a radical element always exists inside
a single maximal ideal of two-dimensional integral domains that are ﬁnitely generated
Z-algebras.
3.1. Theorem (Li and Wiegand [12, Theorem 2.9]). Let A be a two-dimensional integral
domain that is a ﬁnitely generatedZ-algebra. Then, for every ﬁnite set S of height-one prime
ideals of A and T of height-two primes of A with |T |1, there are inﬁnitely many radical
elements in Spec(A).
To further investigate when the prime spectrum of a two-dimensional Noetherian domain
satisﬁes Axiom (RW) of (2.2), we need the following lemma.
3.2. Lemma. LetA ⊆ A1 be two-dimensional Noetherian domains such thatA1 is integral
over A and the quotient ﬁeld ofA1 has ﬁnite degree over the quotient ﬁeld of A. If Spec(A1)
satisﬁes Axiom (RW) of (2.2), then Spec(A) satisﬁes Axiom (RW) of (2.2).
Proof. Let S := {Q1, . . . ,Qs} and T := {N1, . . . ,Nt } be ﬁnite sets of height-one and
height-two primes ofA, respectively. Let T ∗ := {N∗ ∈ Spec(A1) |N∗ ∩A ∈ T }. Choose
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a nonzero element bi ∈ Qi for each Qi ∈ S. Let S∗ := {Q∗ ∈ Spec(A1) | bi ∈ Q∗ for
some bi and ht(Q∗)= 1}. Then T ∗ and S∗ are ﬁnite sets by [13, Theorem 9.3], since A1 is
Noetherian. Thus in Spec(A1) the pair (S∗, T ∗) has a radical elementP∗. LetP := P∗∩A.
Then P ⊆ N1 ∩ · · · ∩Nt . Suppose thatN is a height-two prime ideal of A and that
Qi is a height-one prime in S such that both P and Qi are contained inN. By Theorem
2.10, there is a height-two prime idealN∗ in A1 that lies overN with P∗ ⊆N∗.Then
bi ∈ Qi ⊆N ⊆N∗. Thus there exists a height-one prime ideal Q∗ of A1 in S∗ such that
bi ∈ Q∗ ⊆N∗. Since P∗ ⊆N∗, Q∗ ⊆N∗ and A1 satisﬁes Axiom (RW), we infer that
N∗ ∈ T ∗. ConsequentlyN=N∗ ∩ A ∈ T . ThusP is a radical element for (S, T ). 
The following lemma is a slight modiﬁcation of Lemma 2.5 in order to give a correspon-
dence between height-one prime ideals of birational extensions ofR[x] and those ofR1[x],
where R is a one-dimensional Noetherian domain and R1 is a unique factorization domain
extension.
3.3. Lemma. LetRbe a one-dimensionalNoetherian domain and let d be a nonzero element
of R. Suppose R1 := R[1/d] is a unique factorization domain. Let B := R[x][g1/f, . . . ,
gn/f ] andE := R1[x][g1/f, . . . , gn/f ],where g1, . . . , gn, f ∈ R[x] and f = 0. LetP be
a height-one prime ideal of B such that d and f are not inP. Then there exists a polynomial
h ∈ P ∩ R[x] such that h is an irreducible polynomial in R1[x], and
(1) PE is a height-one prime ideal of E,
(2) p := P ∩ R[x] = hR1[x] ∩ R[x] is a height-one prime ideal of R[x],
(3) P=PE ∩ B = hR[x][1/df ] ∩ B, and
(4) hR[x][1/f ] ∩ B ⊆ P .
Proof. SinceE=B[1/d] is a localization ofB and d /∈P, part (1) holds by (2.5). Similarly
R1[x] = R[x][1/d], and so p := P ∩ R[x] is a height-one prime of R[x].
NowR1[x] is a unique factorization domain; thus pR1[x]=gR1[x] for some irreducible
polynomial g of R1[x]. Choose k0 so that h := dkg ∈ R[x]; then h is irreducible in
R1[x] and hR1[x]=gR1[x]=pR1[x]. By (2.5) again, p=pR1[x]∩R[x]=hR1[x]∩R[x]
and so part (2) holds.
Similarly,PE=hR1[x][1/f ]∩E=hR[x][1/df ]∩E, andP=PE∩B=hR[x][1/df ]∩
B. Thus (3) and (4) hold. 
3.4. Lemma (Pakala and Shores [15, Lemma 3]). Let R be a Noetherian ring, I an invert-
ible ideal of R, and P1, . . . , Pn prime ideals of R. Then there is an invertible integral ideal
JI such that JPi , for every integral i with 1 in.
Next we prove the main theorem of this paper, Theorem 1.2 from the introduction.
1.2. Main Theorem. Let D be an order in an algebraic number ﬁeld, x an indeterminate
and B := D[x][g1/f, . . . , gn/f ], where g1, . . . , gn, f are nonzero elements ofD[x]. Then
Spec(B) is order-isomorphic to Spec(Z[x]).
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Proof of Theorem 1.2. We ﬁrst proveB has dimension two. The integersZ form aHilbert
ring in the sense that every prime ideal P of Z is an intersection of maximal ideals of Z
[13, p. 34]; it follows that D and D[x] are also Hilbert rings. Thus (0) is an intersection
of maximal ideals of D[x], and so the nonzero element f of D[x] must be outside some
maximal ideal of D[x].
By [9, p. 114, Example 3], every maximal ideal of D[x] has height-two; therefore
D[x][1/f ] has dimension two. Thus D[x][1/f ] = B[1/f ] has dimension two, and so the
dimension ofB is at least two. SinceB is a ﬁnitely generated birational extension of the two-
dimensional Noetherian domain D[x], B has dimension at most two by (2.4.6). Therefore
B has dimension two.
Since D[x] is a ﬁnitely generated Z-algebra, B is a two-dimensional domain ﬁnitely
generated as a Z-algebra. Thus Spec(B) satisﬁesAxioms (P1) through (P4) of (1.6) by [21]
or [12, Lemma 2.2].
To show that Spec(B) is order-isomorphic to Spec(Z[x]), it sufﬁces to prove the following
lemma:
3.5. Lemma. Let B := D[x][g1/f, . . . , gn/f ], as in Theorem 1.2. Then Spec(B) satisﬁes
Axiom (RW) of (2.2).
Proof. By Lemma 3.2, we may assume that D is integrally closed in its quotient ﬁeld K .
Let S be a ﬁnite set of height-one primes of B and let T be a ﬁnite set of height-two
primes of B. By Remark 2.4(4) we may assume that every height-one prime ideal of B
containing f (x) is in S, that every height-one prime ideal of B containing some gi(x), for
i ∈ {1, . . . , n}, is in S and that each element of T contains at least one element of S. Let
Q1, . . . ,Qm be the primes of S not containing f.
We use induction on t=|T |; if t1, we are done by Theorem 3.1.We suppose t > 1. Let
N0 ∈ T ; assume that (S, T − {N0}) and (S, {N0}) have radical elements P1 and P2,
respectively.
Claim 1. P1, P2 /∈ S,P1 = P2, f (x) /∈P1 ∪P2, and gi(x) /∈P1 ∪P2, for each i with
1 in.
Proof. By Remark 2.4(5) the radical elements P1 and P2 cannot be in the set S. By
assumption, there is some Q ∈ S with N0 ∈ Q↑; since P1 is a radical element for
(S, T − {N0}), we seeN0 /∈Q↑ ∩P↑1 . But P2 a radical element for (S, {N0}) implies
thatN0 ∈ Q↑ ∩ P↑2 ; thus P2 = P1. Since S contains all height-one primes containing
f (x) or any of the gi(x), but neither P1 nor P2 is in S, we see f (x), gi(x) /∈P1 ∪ P2.
Thus Claim 1 holds.
Since D is an order in an algebraic number ﬁeld, the ideal class group of D is ﬁnite.
Let L1, . . . , L2 be ideals ofD that form a complete set of representatives of the ideal class
group of D. Using Lemma 3.4, we replace each Lj by an isomorphic ideal if necessary so
that we may assume each Lj
⋃{H ∩D |H ∈ T ∪ S ∪ {P1,P2}}. Thus there exists an
element d ∈ L1 · · ·L2, but d /∈H, for everyH ∈ T ∪ S ∪ {P1,P2}. Let D1 := D[1/d];
then D1 is a principal ideal domain and so a unique factorization domain.
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Let E := D1[x][g1/f, . . . , gn/f ] = D[x][g1/df , . . . , gn/df ]. By Lemma 3.3 and the
choice of d,P1E and P2E are height-one primes of E, as is QE, for every Q ∈ S.
Furthermore, there exist h1, h2, b1, . . . , bm, elements ofD[x] that are irreducible inD1[x],
such that, for j = 1, 2,Pj = hjD[x][1/df ] ∩ B = PjE ∩ B, and, for i with 1 im,
Qi = biD[x][1/df ] ∩B =QiE ∩B. The Pj ∩D[x] and theQi ∩D[x] are distinct height-
one prime ideals of D[x] by (2.5); also fE = E, because f ∈ Q, for some Q ∈ S. By
(2.5),NE is a height-two maximal ideal of E for everyN ∈ T . Since f is outside all of
the prime ideals hjD1[x] and biD1[x], the elements h1, h2, b1, . . . , bm and f are pairwise
relatively prime in D1[x].
For each integer 2 with 12 t + 1 (recall t = |T |), let e2 be as in Lemma 2.9 for
F = D[x], = df , j = dgj for 1jn, G = B = D[x][dg1/df , . . . , dgm/df ], and
h = (h1h2)2. Let e be the largest of {e1, . . . , et+1}. Let v := b1 · . . . · bm(df )(e+1). For
12 t + 1, the elements (h1h2)2 and v form a D1[x]-sequence, because they have no
common irreducible factors in D1[x] and ((h1h2)2, v)D1[x] = D1[x]. (The polynomial f
is a factor of v but f is not a factor of (h1h2)2 since f (x) is not in h1D1[x] nor h2D1[x].
Each ideal I2 := ((h1h2)2, v)D1[x] is a proper ideal ofD1[x], for each 2with 12 t+1,
because I2 is contained inNE ∩D1[x], for everyN ∈ T .)
Let y be another indeterminate over D1[x] and let 12 t + 1; then (h1h2)2 + yv is
irreducible inD1[x, y] byCorollary 2.8, and hence irreducible inK[x, y] byGauss’Lemma.
SinceK is a ﬁnite separableﬁeld extensionofQ, everyHilbert subset ofK contains inﬁnitely
many prime integers by (2.7). Therefore there exist inﬁnitely many prime integers a such
that all of the polynomials (h1h2)2 + av, where 12 t + 1, are irreducible in K[x].
Choose one such prime integer a such that (i) a is relatively prime to d, (ii) a /∈Q, for each
Q ∈ S, a /∈P1, a /∈P2, and (iii) aD1NE ∩ D1, for everyN ∈ T . Then, for each 2
with 12 t + 1, the polynomial (h1h2)2 + av is irreducible in K[x], Let c2 ∈ D be a
greatest common divisor inD1 of the coefﬁcients of (h1h2)2+ av ∈ D1[x]. Then, for each
2, the polynomial w2 := (1/c2)((h1h2)2 + av) is irreducible in D1[x], and so w2D1[x] is
a height-one prime ideal of D1[x], for each 2 with 12 t + 1.
Note that f ∈ vD1[x], but f /∈ (h1h2)2D1[x], for each 2 with 12 t + 1, and so f
is relatively prime to (h1h2/c2)2 in D1[x]. Thus f /∈w2D1[x]. Similarly, d ∈ vD1[x] −
(h1h2)
2D1[x] implies that d /∈w2D1[x].Also c2 is relatively prime to h1h2 and av inD1[x]
(since they are relatively prime to each other, and c2 divides a sum of them). Let
W2 := w2D1[x]
[
1
f
]
∩ B = w2E
[
1
f
]
∩ B = w2D[x]
[
1
df
]
∩ B.
By (3.3),W2 is a height-one prime ideal ofB, for each 2with 12 t+1, since d, f /∈Wf .
Claim 2. For every integer 2 with 12 t + 1 and for everyN ∈ T , c2W2 ⊆N.
Proof. Let z ∈ c2W2. Then, by the deﬁnition ofW2, z has the form ((h1h2)2+av)(c/(df )k)
∈ B, for some c ∈ D[x] and some k0. Since ee2 and z ∈ B, Lemma 2.9 implies that
(h1h2)
2c/(df )k ∈ B and avc/(df )k ∈ dfB. Now, using (3.3)
(h1h2)
2c
(df )k
∈
(
h1D[x]
[
1
df
]
∩ B
)
∩
(
h2D[x]
[
1
df
]
∩ B
)
⊆ P1 ∩P2 ⊆N.
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Also
avc
(df )k
= a
∏m
i=1 bj (df )(2e+1)c
(df )k
∈
m⋂
i=1
(
biD[x]
[
1
df
]
∩ B
)
∩ dfB ⊆
⋂
Q∈S
Q ⊆N,
since some Q ∈ S is inN. Thus z ∈N and Claim 2 holds.
Claim 3. There exists an integer 2with 12 t+1, such thatW2 ⊆N for everyN ∈ T .
Proof. If not, then, for every 2 with 12 t + 1, there exists anN ∈ T withW2N.
There are t+1 values for 2 and so t+1 distinct prime idealsW2, but there are just t elements
of T ; thus there exist two integers r and j with 1r < j t+1 and amaximal idealN ∈ T
so thatWrN andWjN. ThusWrWjN, whereas, by Claim 2, crWrWj ⊆N
and cjWrWj ⊆N; therefore cr ∈NE ∩D1 and cj ∈NE ∩D1. HenceNE ∩D1 =
(0); say q ∈ D1 is an irreducible element that is a generator forNE ∩ D1. Then q is
a divisor of both cr and cj in D1; hence, in D1[x] (a unique factorization domain), q is
a divisor of (h1h2)j + av and of (h1h2)r + av as well as of their difference. That is, q
divides (h1h2)r [(h1h2)j−r − 1] in D1[x] and q is an irreducible element of D1[x]. Now
q ∈NE, and so if q divides [(h1h2)j−r − 1] in D1[x], then [(h1h2)j−r − 1] ∈NE. But
h1h2 ∈ P1 ∩P2 ⊆N ⊆NE and so (h1h2)j−r − 1 /∈NE. Thus q divides (h1h2)r in
D1[x]. Since q divides (h1h2)r + av and (h1h2)r inD1[x], q divides av inD1[x]. But a is
a prime integer relatively prime to h1 and h2 in D1[x]; thus q does not divide a in D1[x].
Therefore q divides v inD1[x] and q divides (h1h2)r inD1[x]. But this contradicts (h1h2)r
and v being relatively prime in D1[x]; therefore it must be the case that someWj is in
everyN withN ∈ T and so Claim 3 holds.
LetP :=Wj for this j . ThenP is a height-one prime ideal of B such thatP ⊆N, for
everyN ∈ T . Moreover df /∈P.
Claim 4. For each maximal idealN of B such thatP ⊆N and Q ⊆N for some Q ∈ S,
we have thatP1 ⊆N orP2 ⊆N.
Proof. SupposeP1N; let z1 ∈ P1−N. Using Lemma 3.3, write z1=h1a1/(df )k ∈ B,
where a1 ∈ D[x]− (df )kN. Then (z1)j = (h1a1/(df )k)j ∈ P1−N, where j is as found
in Claim 3. Let z2 ∈ P2; write z2 = h2a2/(df )2 ∈ B, where a2 ∈ D[x]. Therefore
z
j
1z
j
2 =
(
h1a1
(df )k
)j(
h2a2
(df )2
)j
= (h1h2)j
(
a1a2
(df )k+2
)j
∈ B.
Since e > ej , Lemma 2.9 implies that, with h= (h1h2)j ,G= B,= df etc., that
cj
(
(h1h2)
j + av
cj
)(
a1a2
(df )k+2
)j
∈ B ∩ PD[x]
[
1
df
]
⊆ P ⊆N.
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Also,
(av)
(
a1a2
(df )k+2
)j
∈ df B ∩ (b1 · . . . · bm)D[x]
[
1
df
]
⊆
⋂
Q∈S
Q ⊆N.
It follows that
(z1z2)
j =
(
h1a1
(df )k
)j(
h2a2
(df )2
)j
= (h1h2)j
(
(a1a2)
(df )k+2
)j
∈N.
Now z1 /∈N implies that z2 ∈N. But z2 was an arbitrary element ofP2, and soP2 ⊆N;
thus Claim 4 holds.
We complete the proof as follows: by Claim 3, T ⊆ P↑. By Claim 4, for every N
maximal in B such that P ⊆ N and Q ⊆ N, for some Q ∈ S, we have that P1 or P2
is contained inN (and still Q ⊆ N, for some Q ∈ S). Thus, since P↑1 ∩ Q↑ ⊆ T and
P
↑
2 ∩Q↑ ⊆ T , we haveP↑ ∩Q↑ ⊆ T , and soP is a radical element for (S, T ). Therefore
Spec(B) satisﬁes Axiom (RW). 
As an application of Theorem 3.5, we extend some results of [3]. Axiom (RW) of (2.2)
above is related to a crucial axiom (P6) for Spec(Z(2)[x]):
3.6. Axiom (P6). LetUbea two-dimensional partially ordered set.Then, for eachnonempty
ﬁnite subset T of H2(U), the “exactly less than” set
T ↓ = {u |u ∈ H1(U), u↑ = T }
is inﬁnite.
A j-prime of a ring A is a prime ideal of A that is also an intersection of maximal ideals
of A. The j-spectrum of a ring A, j-Spec(A), is the set of all j -primes of A.
In [3,4], it is shown that the spectrum of a birational extension B of a polynomial ring
over a one-dimensional semilocal domain is determined uniquely as a partially ordered set
by (1) the number of height-one primes ofB in the sets T ↓ as in (P6), and (2) the j -spectrum
of B. It is not known whether (P6) holds for Spec(B) whenever B is a ﬁnitely generated
birational extension ofR[x], over a semilocal non-Henselian domainR. Theorem 4.5 in [3]
states that certain birational extensions satisfy (P6):
3.7. Theorem (Heinzer et al. [3, Theorem 4.5]). Let R be a countable semilocal domain
of dimension one with maximal idealsm1, . . . , mr . Assume (f, g) is an R[x]-sequence and
f ∈ R[x] − (⋃ri=1miR[x]). Suppose there exists a one-dimensional Noetherian domain
R∗ ⊆ R such that R is a localization of R∗ and Spec(R∗[x, g/f ]) satisﬁes (RW). Then
Spec(R[x, g/f ]) satisﬁes (P6), and is uniquely determined by j-Spec(R[x, g/f ]).
The following corollary is an application of Lemma 3.5 and Theorem 3.7.
3.8. Corollary. Let D be an order in an algebraic number ﬁeld and let R be a localization
of D with only ﬁnitely many maximal ideals, m1, . . . , mr . Let f, g ∈ D[x] and f = 0.
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Then Spec(R[x, g/f ]) satisﬁes Axiom (P6) of (3.6), and therefore is uniquely determined
by j-Spec(R[x, g/f ]).
Proof. By Lemma 3.5, Spec(D[x, g/f ]) satisﬁes Axiom (RW) of (2.2). By Theorem
3.7, Spec(R[x, g/f ]) satisﬁes Axiom (P6), and therefore is uniquely determined by j -
Spec(R[x, g/f ]). 
We establish the following result:
3.9. Corollary. Let D be an order in an algebraic number ﬁeld and let R be a localization
of D with only ﬁnitely many maximal ideals, m1, . . . , mr . Let B := (R[x, g/f ]) where
f ∈ D[x] −⋃ri=1miR[x], g ∈ D[x], and (f, g) is an R[x]-sequence. Then Spec(B) is
determined by j-Spec(B) and the following hold:
(1) If R is countable, then Spec(B) is countable.
(2) Spec(B) has a unique minimal element and has dimension two.
(3) There exist inﬁnitely many height-one maximal elements.
(4) There exist a ﬁnite numberof height-onenonmaximal elements (the j-primes)u1, u2, . . . ,
un for which u↑1 is inﬁnite. Also u↑1 ∪ · · · ∪ u↑n =H2(U).
(5) For each height-one nonspecial element u, u↑ is ﬁnite.
(6) (P6) holds.
Proof. (1)–(5) hold by [2, Proposition 3.1]; (6) follows from Corollary 3.8. 
Acknowledgements
This article was part of the ﬁrst author’s Ph.D. thesis at the University of Nebraska,
Lincoln. She thanks the second author for her assistance. The authors are grateful to Roger
Wiegand for his help.
References
[1] M.F. Atiyah, I.G. Macdonald, Introduction to Commutative Algebra, Addison/Wesley Publishing Company,
Reading, MA, 1969.
[2] W. Heinzer, D. Lantz, S. Wiegand, Projective lines over one-dimensional semilocal domains and spectra of
birational extensions, in: C. Bajaj (Ed.),Algebraic Geometry and ItsApplications, Springer, NewYork, 1994,
pp. 309–325.
[3] W. Heinzer, D. Lantz, S. Wiegand, Prime ideals in birational extensions of polynomial rings, in: W. Heinzer,
C. Huneke, J.D. Sally (Eds.), Commutative Algebra: Syzygies, Multiplicities, and Birational Algebra,
Contemporary Mathematics, vol. 159, Amer. Math. Soc., Providence, RI, 1994, pp. 73–93.
[4] W.Heinzer,D.Lantz, S.Wiegand, Prime ideals in birational extensions of polynomial rings II, in:D.Anderson,
D. Dobbs (Eds.), Zero-Dimensional Commutative Rings, Marcel Dekker, NewYork, 1995, .
[5] R. Heitmann, Prime ideal posets in Noetherian rings, Rocky Mountain J. Math. 7 (1977) 667–673.
[6] R. Heitmann, Examples of non-catenary rings, Trans. Amer. Math. Soc. 247 (1979) 125–136.
[7] M. Hochster, Prime ideal structure in commutative rings, Trans. Amer. Math. Soc. 137 (1969) 43–60.
A.S. Saydam, S. Wiegand / Journal of Pure and Applied Algebra 201 (2005) 142–153 153
[8] I. Kaplansky, Notes on Commutative Rings, 1963.
[9] I. Kaplansky, Commutative Rings, Boston, Allyn and Bacon, 1970.
[10] S. Lang, Diophantine Geometry, Interscience, NewYork, 1959.
[11] A. Li, Partially ordered sets of prime ideals and prime ﬁltrations of ﬁnitely generated modules, Thesis, 1994.
[12] A. Li, S. Wiegand, Prime ideals in two-dimensional domains over the integers, J. Pure Appl. Algebra 130
(1998) 313–324.
[13] H. Matsumura, Commutative Ring Theory, Cambridge Studies inAdvanced Mathematics, vol. 8, Cambridge
University Press, Cambridge, 1989.
[14] S. McAdam, Intersections of height two primes, J. Algebra 40 (1977) 315–321.
[15] J.V. Pakala, T.S. Shores, On compactly packed rings, Paciﬁc J. Math. 90 (1981) 197–201.
[16] L.J. Ratliff Jr., Characterisations of catenary rings, 13E99MR0399072 (53 #2923),Amer. J. Math. 93 (1971)
1070–1108.
[17] L.J. Ratliff Jr., Four notes on saturated chains of prime ideals, 13C15 [115]MR0412172 (54 #299), J.Algebra
39 (1) (1976) 75–93.
[18] L.J. Ratliff Jr., Hilbert rings and the chain condition for prime ideals, 13E05 MR0619563 (82i:13004),
J. Reine Angew. Math. 283/284 (1976) 154–163.
[19] L.J. Ratliff Jr., A brief history and survey of the catenary chain conjectures, 01A65 13E05, Amer. Math.
Monthly 88 (3) (1981) 169–178.
[20] R. Wiegand, Homomorphisms of afﬁne surfaces over a ﬁnite ﬁeld, J. London Math. Soc. (2) 18 (1978)
28–32.
[21] R. Wiegand, The prime spectrum of a two-dimensional afﬁne domain, J. Pure Appl. Algebra 40 (1986)
209–214.
